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Abstract
Double Field Theory (DFT) is a low-energy effective theory of a manifestly
O(D,D) invariant formulation of the closed string theory when toroidally com-
pactified dimensions are present. The theory is based on a doubled spacetime
structure and, in order to preserve the gauge symmetry provided by the invariance
under generalized diffeomorphisms, a constraint has to be imposed on fields and
gauge parameters. In this paper, we propose a DFT-inspired Supergravity by us-
ing a suitable star product that implements such constraint and the corresponding
algebraic structure is explored. We get a consistent DFT in which also an orthog-
onality condition of momenta is necessary for having a closed gauge algebra. In
constructing this theory, we start from the simplest case of doubling one spatial
dimension where the action is uniquely determined, without ambiguities, by the
gauge symmetry. Then, the extension to the generic O(D,D) case is presented.
The result is consistent with the closed string field theory.
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1 Introduction
The O(d, d;Z) T-duality is an exact symmetry of a closed string wrapped around the d
non-contractible cycles of a d-torus T d in a D-dimensional spacetime Rn−1,1 × T d where
R
n−1,1 is the n-dimensional Minkowski space (D = n+ d). The duality makes the string
physics at a very small scale indistinguishable from the one at a large scale, and also gives
an evidence that ordinary geometry could possibly be broken down at the string scale.
Double Field Theory (DFT) [1, 2] is a field theoretical approach that incorporates such
symmetry. It develops, therefore, a stringy geometry, which makes T-duality manifest. Its
fields, i.e. the gravity, antisymmetric tensor and dilaton fields are defined in Rn−1,1×T 2d
where the double torus T 2d contains the original space-time torus T d with its ordinary
coordinates xi (i = 1, 2, · · · , d) and the dual torus, related to T d by the T-duality and
parameterized by the dual coordinates x˜i associated with winding excitations. Actually,
the DFT formalism is based on a doubling of all the D coordinates of the D-dimensional
space Rn−1,1 × T d with the full duality group O(D,D) that is broken to the subgroup
O(d, d;Z) preserving the periodic boundary conditions along the d compact dimensions
of T d together with the condition of no winding in the non-compact directions.
DFT is invariant under generalized diffeomorphisms if the so-called weak constraint,
i.e. ∆f ≡ ∂m∂˜mf = 0 (m = 1, 2, · · · , D), is satisfied by the fields and gauge parameters.
Consequently, one can introduce a projector in order to restrict an arbitrary field or a
gauge parameter to the kernel of the differential operator ∆. This projection can be
promptly embodied by the suitable definition of a star product operator. Upon introduc-
ing such a projector, one can construct an action defined in terms of restricted fields.
Actually, the use in the action of restricted fields seems to avoid the strong constraints.
The latter are the extension of the weak constraint to the product of fields, introduced
for having a consistent manifestly background independent DFT action [3, 4] with the
equivalent generalized metric formulation [5] and, furthermore, to make DFT supersym-
metric [6]. The star product that is going to be defined here is not associative. In general,
the non-associativity property may imply non-closure of the gauge algebra. But we can
show that it is possible to get a closed gauge algebra under particular conditions that
will be discussed later.
In this paper, we exhibit the properties of a supergravity in the doubled spacetime but
with its fields restricted in the kernel of ∆ through the star product. The starting point
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is the action in ref. [5], but it is important to stress that the use of restricted fields avoids
the strong constraints that otherwise would be necessary for having gauge invariance. We
first consider the d = 1 case and explore the algebraic structure of the gauge symmetry.
The result is that the involved fields are required to have momenta orthogonal to each
other. This guarantees the closure of the gauge algebra. In this theory, the action can
therefore be uniquely determined by the gauge symmetry and results to be the sum of
the ordinary supergravity and the dual supergravity. We also find that the action at
the cubic order is exactly consistent with the closed string field theory if a non-trivial
boundary is absent.
The extension to the O(D,D) case is made also by assuming that all momenta are
orthogonal to each other, implying also in this case the closure of the gauge algebra. This
assumption is supported by the agreement, at the cubic order, with the action obtained
from the closed string field theory. The role played by the orthogonality of momenta,
that can be derived from the triple product, makes our considerations and motivations
different from the ones in [7].
We first discuss the projector in Sec. 2. The properties of the new supergravity
action are illustrated in Sec. 3 and 4. Finally, in Sec. 5 we report the conclusions and
our outlook. Further technical details will be reported in a forthcoming paper [8].
2 Properties of the Projector
In order to impose the weak constraint in DFT, a projector [1] is necessary to force
fields and gauge parameters to live in the kernel of the operator ∆ ≡ ∂m∂˜m with m =
1, 2, · · · , D. This requirement, in turn, is necessary for preserving the invariance under
generalized diffeomorphisms, which constitutes the gauge symmetry.
The weak constraint on arbitrary fields and gauge parameters is equivalently written
in an O(D,D) covariant form as follows:
∂M∂
Mf = 0, with M = 1, 2, · · · , 2D, (1)
where
∂M ≡
(
∂˜m
∂m
)
with m = 1, 2, · · · , D. (2)
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Here, we denote the O(D,D) or doubled indices through the use of capital letters and
the non-doubled indices through the use of lower-case letters. The doubled indices are
raised or lowered by the constant O(D,D) invariant metric
ηMN =
(
0 I
I 0
)
. (3)
For a generic double field A, one can introduce a Fourier series along the dimensions of
the doubled spacetime as follows:
A ≡
∑
K
AKe
iKX , (4)
where KX ≡ KMXM . Here we define: XM ≡ (x˜m, xm) and KM ≡ (pm, wm), being pm
the momentum along the m-th dimension and wm the corresponding winding number
(m = 1, 2, · · · , D).
We then introduce the star product to embody the projection on the kernel of ∆ or
the weak constraint in the following way:
A ∗ 1 ≡
∑
K
AKe
iKXδKK,0 , (5)
where KK ≡ KMKM . In other words, the star product imposes a weak constraint in A,
since it is straightforward to show that:
∂M∂
M (A ∗ 1) = 0.
One can also define the star product of weakly constrained fields A and B as follows:
A ∗B = B ∗ A =
∑
K,K ′
AKBK ′e
i(K+K ′)XδKK,0 δK ′K ′,0 δKK ′,0. (6)
Generically, the star product does not exhibit associativity, since:
(A ∗B) ∗ C 6= A ∗ (B ∗ C) (7)
but one can have associativity under integration as follows:∫
dX A ∗ (B ∗ C) =
∫
dX (A ∗B) ∗ C. (8)
The triple product also satisfies the weak constraint:
∂M∂M
(
A ∗ (B ∗ C)) = ∂M∂M((A ∗B) ∗ C) = 0 (9)
and this property can be extended to the product of an arbitrary number of fields and
gauge parameters.
3
3 d = 1
In the case of d = 1, the constraints
KK = 0 K ′K ′ = 0 (K +K ′)K ′′ = 0 (10)
can be solved as follows:
K = aK ′ = bK ′′, (11)
where a and b are arbitrary constants. It naturally follows that
K ′′K ′′ = 0. (12)
All the previous relations make all the momenta orthogonal to each other and, con-
sequently, make star product associative. Furthermore, arbitrary functions along the
compact dimension, in this case, have the following form:
f =
∑
K
fKe
iKX =
∑
p
fpe
ipmxm +
∑
ω
fωe
iωmx˜m. (13)
Therefore, all fields and gauge parameters become the sum of the contribution coming
from the ordinary coordinates and the contribution coming from the dual coordinates.
More explicitly, DFT for d = 1 is defined by using the star product in the following
action [5] formulated in terms of the generalized metric H:
SDFT =
∫
dx dx˜ e−2d ∗
(1
8
HMN ∗ ∂MHKL ∗ ∂NHKL − 1
2
HMN ∗ ∂NHKL ∗ ∂LHMK
−2∂Md ∗ ∂NHMN + 4HMN ∗ ∂Md ∗ ∂Nd
)
, (14)
where
H ≡
(
g −B ∗ g−1 ∗B B ∗ g−1
−g−1 ∗B g−1
)
, e−2d ≡ √−g ∗ e−2φ, (15)
and g is the metric and d is the dilaton both defined on the doubled spacetime. The
gauge transformations are:
δξd = −1
2
∂Mξ
M + ξM ∗ ∂Md,
δξHMN = ξP ∗ ∂PHMN + (∂MξP − ∂P ξM) ∗ HPN + (∂NξP − ∂P ξN) ∗ HMP ,
(16)
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and they exhibit the closure property as
[δξ1 , δξ2 ] = −δ[ξ1,ξ2]C , (17)
where the C-bracket is defined by
[ξ1, ξ2]
M
C = ξ
N
1 ∗ ∂NξM2 − ξN2 ∗ ∂NξM1 −
1
2
ηMNηPQξ
P
1 ∗ ∂NξQ2 +
1
2
ηMNηPQξ
P
2 ∗ ∂NξQ1 .
(18)
Due to the the separation in two parts each of them respectively dependent on x and
x˜, shown in eq. (13) and induced by the star product, the density Lagrangian in the
action SDFT can be rewritten as:
L[x, x˜] = L1[x] + L2[x˜] (19)
where L1 and L2 are formally identical to L[x, x˜] in the DFT action (14), but with a
dependence of the fields respectively on x and x˜ instead of [x, x˜].
The star product in the action can actually be replaced by the ordinary product
because of the identity ∫
dX A · B · C · · · =
∫
dX A ∗B ∗ C · · · (20)
without considering the eventual non-trivial boundary term. If the non-trivial boundary
term appears in DFT, then the Fourier analysis should fail. This situation possibly
appears in the non-compact space when we consider a double torus with an infinite size.
It is interesting to assume this result as a starting point for shedding light on the meaning
of DFT.
4 O(D,D) Double Field Theory
In this section we extend our discussion to the generic O(D,D) case. In order to find the
similar property already discussed in the d = 1 case, we impose additional conditions to
redefine the star product:
KK = 0, K ′K ′ = 0, K ′′K ′′ = 0, · · · · · · , KK ′ = 0, KK ′′ = 0, · · · · · · . (21)
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and, in particular, this choice implies, also in this case, the associativity property. Recov-
ering this crucial property enforces us to modify the DFT action through the insertion
of the star product in order to find the gauge invariant action. Since all momenta are
orthogonal to each other, we can ensure the equivalence between the ordinary product
and star product to all orders by reducing fluctuations of fields. We also find non-trivial
evidence to support our approach. The evidence comes from the orthogonality condition
implied by the triple product of fields. Hence, this shows that the action obtained from
the closed string field theory can imply the orthogonality condition. At the cubic order,
the orthogonality condition does not influence the fluctuations of the fields.
The generic O(D,D) DFT is still the one in eq. (14) rewritten in terms of the
generalized metric, and the gauge transformations are the same as in the d = 1 case with
the same property of closure.
5 Conclusion and Outlook
We propose a supergravity in the doubled spacetime by embodying the weak constraint
through a suitable projector acting on fields and gauge parameters. This method could
also allow us to avoid the no-go of the maximum number of spacetime dimensions when
supersymmetric extension is considered.
We have first considered the DFT for d = 1. In this case, the theory is uniquely
determined by the gauge symmetry. This has resulted in a well-defined example without
ambiguities. The interesting aspect in this case is that the momenta of the fields result
to be orthogonal to each other and it implies the closure of the gauge algebra. Hence,
the action is not necessarily modified to all orders.
The extension of the algebra to the O(D,D) case has been studied by choosing all
momenta, in the Fourier expansion of fields, orthogonal to each other just by analogy with
what happens in the d = 1 case. The non-trivial evidence supporting this orthogonality
comes from the orthogonality that holds under integration in the case of cubic action [1].
In this way, we still have the associativity property of the star product and it implies
the closure of the gauge algebra. The DFT with restricted fields can be shown to exhibit
the properties of the original double field theory like supersymmetry [6] and background
independence to all orders [4]. The suitable double sigma model is also easier to be defined
by using the star product. This is motivated by the fact that the ordinary product in the
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expression of the one-loop β function should be itself substituted by the star product [9],
and one can also observe the equivalence of the equations of motion with the off-shell
self-duality relation in the d = 1 case.
T-duality in DFT seems to be modified as well by the star product. In fact, such
a modification only appears when a non-trivial boundary appears in our theory. This
implies that the definition of the non-geometric flux requires some attention in regards
the boundary term or the global geometry. Now we can understand why non-single
valued fields must be removed to define a consistent action with the non-geometric flux,
after performing T-duality [10]. T-duality is defined in the non-commuting space so it
is also interesting to understand it from the generalized metric defined with the star
product [11, 12].
One subtle question is why we need to choose all momenta orthogonal to each other.
The relation is motivated from the d = 1 case, and we find that the condition can appear
in higher dimensions from the triple product. We are still interested in choosing this
orthogonality relation because, in this way, we can find all the necessary physical condi-
tions required in a supergravity theory. Thus, we wonder if we may have an interesting
connection between the world-sheet space and target space similar to the connection
provided by the conformal symmetry in the ordinary string theory. If this condition is
general in DFT, then one could see it also from closed string field theory beyond the cubic
order. Therefore, imposing the orthogonality can be seen as finding a loophole to give
different interpretations to the results of the closed string field theory without violating
any widely accepted results.
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